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We discuss the dissipative engineering of quantum-correlated Gaussian states in bosonic lattice models, with
particle-conserving quadratic Hamiltonians, which are coupled to a single localized squeezed reservoir. We
show that it is possible to identify specific Hamiltonians which sustain in the stationary regime any Gaussian
state that can be generated by applying a passive Gaussian transformation (which conserves the number of
excitations) on a set of equally squeezed modes. The class of states that can be prepared includes non-trivial
entangled states such as cluster states suitable for measurement-based quantum computation.
The harnessing of quantum many-body dynamics by en-
gineered dissipation is interesting for applications in quan-
tum technology [1–3]. In these approaches the environment
of many interacting quantum systems is designed in such a
way that the interplay between controlled dissipation and in-
teractions results in specific controlled system dynamics and
in the robust preparation of non-trivial quantum global sta-
tionary states. Interestingly, it has been also shown that under
certain conditions it is possible to engineer a single localized
reservoir to have control over the global properties of the sys-
tem [4–6].
In this work we are interested in strategies which make use
of minimal resources, namely only one squeezed reservoir and
a bosonic lattice with a passive (particle-conserving) quadratic
Hamiltonian [6–14]. It has been shown that these systems
can be steered into peculiar entangled steady states, when the
squeezed reservoir is coupled to single site of the lattice and
the Hamiltonian is endowed with specific symmetries [7, 10].
Here we characterize the class of Gaussian pure states that
can be achieved with this approach, and we show that it is
composed of all the states that can be generated by applying
any combination of particle-conserving quadratic operations
(beam splitters and phase shifts) on a set of equally squeezed
modes. We also identify the general properties of the Hamil-
tonians which enable the generation of these pure stationary
states (showing, in particular, that they necessarily satisfy the
chiral symmetry identified in Ref. [10]), and, for each state,
we discuss how to construct the specific Hamiltonian which
sustain such state in the stationary regime. Interestingly, the
class of states that can be obtained in this way includes Gaus-
sian cluster states usable for universal quantum computation
with continuous variables [15], and, as a prominent exam-
ple, we study the performance of the present approach for the
preparation of a cluster state in a square lattice.
In detail, we study the dissipative preparation of a zero-
average pure Gaussian state of N bosonic modes |Ψ〉, consid-
ering N + 1 bosonic modes (including an additional auxiliary
mode). They are described by the annihilation operators b j for
j ∈ {0, 1 · · ·N}, and we assume that only the auxiliary mode,
that is the one with index j = 0, is coupled to a squeezed reser-
voir. In the ideal situation the auxiliary mode is the only open
mode which is subject to dissipation in the squeezed reservoir.
Additional dissipation acting on the other modes reduces the
purity of the final state and will be addressed later on. We
assume quadratic Hamiltonians H for the N + 1 modes, with
only passive interaction terms, H = ~
∑N
j,k=0 J j,k b†j bk (withJ j,k = J∗k, j), which conserves the number of excitations, so
that the existing quantum correlations in the steady state are
a consequence of the correlations in the reservoirs only. The
system is described by the master equation
ρ˙ = − i
~
[
H, ρ
]
+L ρ, (1)
where the effect of the squeezed bath is given by the Lindblad
term L ρ = κ{(n¯ + 1)Db0,b†0 + n¯Db†0,b0 − m¯
∗Db0,b0 − m¯Db†0,b†0 }ρ
withDx,y ρ = 2 x ρ y− y x ρ−ρ y x, and |m¯| = √n¯(n¯ + 1) (this
condition corresponds to a reservoir in a pure squeezed state;
if |m¯| < √n¯(n¯ + 1) the reservoir is not pure, and the states that
we discuss here are modified, in a straightforward way, by a
thermal component [7]). The central result of this work is the
following theorem.
Theorem. A zero-average pure Gaussian state which is
factorized between the auxiliary mode (|ψ0〉) and the remain-
ing N modes (|Ψ〉)
|Ψtot〉 = |ψ0〉 |Ψ〉 , (2)
and is generated from the vacuum |0〉 by the unitary transfor-
mations U0 and U, such that |ψ0〉 = U0 |0〉 and |Ψ〉 = U |0〉, is
the unique steady state of Eq. (1) if and only if the following
three propositions are true:
I - U0 is the squeezing transformation U0 = e
z0
2
(
eiϕ0b†0
2−e−iϕ0b02
)
,
where the squeezing strength z0 and the squeezing phase
ϕ0 are determined by the squeezing of the reservoir ac-
cording to the relations tanh(z0) =
√
n¯/(n¯ + 1), and eiϕ0 =
m¯/ |m¯|;
II - U can be decomposed as U = U(p) U(S ), where U(S ) is the
product of N single-mode squeezing transformations with
squeezing strength equal to that of the transformation U0,
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2i.e. U(S ) = U1 · · · UN , with U j = e
z0
2
(
eiϕ jb†j
2−e−iϕ jb j2
)
, and
U(p) is a passive quadratic transformation (note that both
U(S ) and U(p) don’t operate on the auxiliary mode);
III - the passive quadratic Hamiltonian H for the N + 1 modes
of Eq. (1) is given by H = U(p) H(S ) U(p)†, where H(S ) is
any passive quadratic Hamiltonian for which the following
propositions are true:
a) H(S ) remains passive under the effect of the set of
single-mode squeezing transformations for the N + 1
modes U0 U(S ), i.e. U(S )
† U†0 H
(S ) U0 U(S ) is passive;
b) all the normal modes of H(S ) have a finite overlap with
the auxiliary mode (see [16]).
Proof. Part 1: If the propositions I-III are true then
Eq. (2) is the only steady state. In the representation de-
fined by the transformation U0 U, the transformed density
matrix ρ˜ = U† U†0 ρU0 U, fulfills the master equation ˙˜ρ =
− i
~
[
H˜, ρ˜
]
+ L˜ ρ˜ where the dissipative term, L˜ ρ˜ = κ Db0,b†0 ρ˜,
describes pure dissipation in a vacuum reservoir, and the
transformed Hamiltonian H˜ = U† U†0 HU0 U, can be written
as H˜ = U(S )† U†0 H
(S ) U0 U(S ). This shows that H˜ is passive
because of proposition III.a). The proposition III.b), instead,
entails that H(S ), and therefore also H and H˜, have no dark
modes [16], i.e. all the normal mode are coupled to the reser-
voir. Thus, the only steady state in the new representation is
the vacuum, which is equal to Eq. (2) in the original represen-
tation.
Part 2: If Eq. (2) is the only steady state, then the proposi-
tions I-III are true. In the representation defined by the density
matrix ρ˜, the transformed steady state, |Ψ˜tot〉 = U† U†0 |Ψtot〉 =|0〉, is the vacuum. This can be true only if the transformed
Hamiltonian H˜ is passive with no dark modes, and the dissi-
pative term L˜ ρ˜ = U†0
[
L
(
U0 ρ˜U
†
0
)]
U0 describes pure dis-
sipation in a vacuum reservoir. For this to be true U0 has to
fulfills the proposition I.
Now, in order to demonstrate the validity of the other propo-
sitions, we note that it is always possible to decompose a uni-
tary transformation U, which generates a zero-average pure
Gaussian state, in a form similar to the one defined in the
proposition II, where U(S ) is a set of single-mode squeez-
ing transformations which can be, in general, of different
strength, and U(p) is a multi-mode passive transformation.
This can be seen by using the Bloch-Messiah decomposi-
tion [16]. Thus, Eq. (2) can be always written in the form
|Ψtot〉 = U0 U(p) U(S ) |0〉. In the representation defined by the
transformed density matrix ρ(S ) = U(p)† ρU(p), which fulfill
the equation ρ˙(S ) = − i
~
[
H(S ), ρ(S )
]
+ L ρ(S ), the Hamiltonian
H(S ) = U(p)† HU(p) is passive (because U(p) and H are pas-
sive), and remains passive under the effect of U0 U(S ) (in fact
U(S )† U†0 H
(S ) U0 U(S ) = H˜ which, as we have seen, has to be
passive), and therefore the proposition III.a) is true. Moreover,
H˜ has no dark modes (because we are assuming that the sys-
tem has a single steady state), and thus the proposition III.b)
is true as well [16]. Finally, this also means that all the modes
are connected (even if not directly) by the interactions terms of
H(S ), and this together with the following lemma guarantees
that the strength of all the squeezing transformations which
constitute U(S ) are equal. In particular they have to be equal
to the squeezing strength of the auxiliary mode z0, which is
fixed by the squeezing strengths of the reservoir, so also the
proposition II is true. 
Let us now introduce the following lemma which describes
the precise structure of the Hamiltonian H(S ).
Lemma. Given a passive quadratic Hamiltonian, H(S ) =
~
∑N
j,k=0 J (S )j,k b†j bk, withJ (S )j,k =
∣∣∣∣J (S )j,k ∣∣∣∣ ei Θ j,k and Θ j,k = −Θk, j,
the transformed Hamiltonian H˜ = U†N · · ·U†0 H(S ) U0 · · ·UN ,
with U j = e
z j
2
(
eiϕ jb†j
2−e−iϕ jb j2
)
, is passive, if and only if (i)J (S )j, j =
0 for all j with z j , 0, (ii) Θ j,k = n pi +
(
ϕ j − ϕk + pi
)
/2 for
j < k (with n ∈ Z), and z j = zk for all j , k with J (S )j,k , 0.
Moreover, if H˜ is passive then H˜ = H(S ). (The proof of this
lemma is straightforward and is reported in [16]).
It is, now, important to point out that, for any given state
|Ψ〉 which fulfills the proposition II, each quadratic Hamilto-
nian H(S ) which fulfills the propositions III.a)-III.b) (and the
lemma) can be used to construct a (different) Hamiltonian H
(see the proposition III) of model (1) which sustain the given
state in the stationary regime. Thus the same steady state can
be obtained with many different Hamiltonians. The specific
form of H can determine how fast (and therefore how effi-
ciently, when additional noise sources affect the system dy-
namics) the system approaches the steady state. We also note
that both H(S ) and H satisfy the chiral symmetry identified in
Ref. [10] (see [16]). This implies that the chiral symmetry of
H, is also a necessary condition (not only a sufficient one, as
suggested in Ref. [10]) for the existence of the pure steady
state (2) of Eq. (1).
A particularly simple Hamiltonian H(S ) that fulfills the
propositions III.a)-III.b) (and the lemma) is the Hamiltonian
for a linear chain with open boundary conditions (for which
the normal modes have always a finite overlap with the end
modes)
H(S ) = i ~
N∑
j=0
J(S )j
(
ei θ j b j−1 b†j − ei θ j b†j−1 b j
)
, (3)
where θ j =
(
ϕ j − ϕ j−1
)
/2, with ϕ j the squeezing phases in-
troduced in the proposition II. This means that Eq. (3) can
be used to construct the Hamiltonian H corresponding to
any state that fulfills the proposition II. Specific examples of
multi-mode entangled states that can be prepared with this
strategy have been discussed in Ref. [7–12].
It is interesting to note that the class of states that can be
prepared with our approach is wide and it includes also clus-
ter states which are the main resource of measurement-based
quantum computation [15]. In particular all the cluster states
that have been proposed and prepared by manipulating one or
two squeezed light beams with a complex interferometer [18–
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FIG. 1. Dissipative preparation of a cluster state of N = 25 modes in a 5 × 5 square lattice [16]. (a) Fidelity Tr {ρ′st ρst} [17] between the
steady state ρ′st of the model (5) and the corresponding steady state ρst of Eq. (1). The thick black line is evaluated using the Hamiltonian (4)
(with J(S )j = 7.7 κ [see panel (d)] and θ j = 0, ∀ j); the thin solid gray lines are evaluated for 20 random realizations of the system Hamiltonian
with interaction coefficientsJ (ζ)j,k = J j,k(1 + ζ j,k) whereJ jk are the coefficients of H [16], and ζ j,k are random variables uniformly distributed in
the range [−0.001, 0.001]; The thin dashed red lines are evaluated for 20 random realizations of the system Hamiltonian with J (β)j,k = J j,k ei β j,k
where β j,k = −βk, j are random variables uniformly distributed in the range [−0.015, 0.015]. (b), (c) Corresponding steady state variance of
the normalized nullifiers X j = r j x j (lower dark gray lines) and of the orthogonal collective quadratures Y j = r j y j with all the modes rotated
by pi/2, such that y j = −q j − ∑Nk=1 A j,k pk (upper light gray lines), and where the normalization coefficients r j are chosen such that X j and
Y j fulfill the standard commutation relation
[
X j,Y j
]
= 2 i. Panel (b) corresponds to the thick black line of (a). Panel (c) corresponds to the
realization (thin gray line) with lower fidelity of panel (a). The horizontal dashed lines in (b) and (c) indicate the variance of the squeezed
and anti-squeezed quadratures of the squeezed reservoir. (d) Interaction coefficients J(S )j of Eq. (3) used to compute the Hamiltonian (4). (e)
Corresponding overlap of the normal modes of H(S ) and the auxiliary mode, i.e. scalar product |v0 ·w j| between the normalized eigenvectors w j
of the coefficient matrix J (S ) of the Hamiltonian H(S ), and the vector, corresponding to the auxiliary mode, v0 = (1, 0 · · · , 0). The horizontal
gray line in (e) indicates the value 1/
√
N + 1.
32] can be also generated following our approach. The dif-
ference between these results and the present approach is that,
while in these works the state is prepared in traveling wave
beams of light, our results shows how to generate similar
states, in a robust way, as stationary states of a dissipative
dynamics. This approach is, hence, attractive in situations in
which the quantum modes are localized, as for example in a
solid-state or atomic device [33, 34].
Dissipative generation of a cluster state. Let us now in-
vestigate the potentiality of our result to design a model which
sustain in the stationary regime a cluster state in a square lat-
tice [16] which constitute a universal resource for quantum
computation [15, 28]. To be specific, we consider a cluster
state of N = 25 modes with a N × N real symmetric adja-
cency matrix A (with non-zero entries equal to one) which
represents the square lattice [16]. This state can be gener-
ated by the multi-mode squeezing transformation [35] Uz =
e−i
z
2
∑N
j,k=1
(
Z j,kb†j b†k+Z∗j,k b j bk
)
, where the N × N matrix of interac-
tion coefficients is given by Z = −i (A− i 1 ) (A + i 1 )−1.
What characterizes this as cluster state is the fact that the co-
variance matrix of the N operators x j = p j − ∑Nk=1 A j,k qk
[with q j = b j + b
†
j and p j = −i
(
b j − b†j
)
], called nullifiers,
approaches the null matrix in the limit of infinite squeez-
ing, z → ∞ [35]. The transformation Uz can be decom-
posed, similarly to the definition in the proposition II of the
theorem, as Uz = U
(p)
z U
(S )
z , with U
(S )
z given by the prod-
uct of N equal single-mode squeezing transformations (where
ϕ j = 0 for all j), and with U
(p)
z which fulfills the relation
U(p)z
†
b j U
(p)
z =
∑N
k=1
{
(−iZ)1/2
}
j,k
bk [16]. The fact that U
(S )
z
describes the equal squeezing of all the modes implies, ac-
cording to our theorem, that Uz|0〉 is the steady state of Eq. (1)
when
H = U(p)z H(S ) U
(p)
z
†
, (4)
where H(S ) is the Hamiltonian for the linear chain (3).
In Fig. 1 and 2 we show the results for the preparation
of this cluster state. We have studied how the present ap-
proach performs in non-ideal situations which include addi-
tional noise sources, with dissipation rate γ, and random devi-
ations from the optimal system Hamiltonian defined in Eq. (4).
In particular, in Fig. 1 and 2, we characterize the steady state
ρ′st of
ρ˙′ = −i [H, ρ′] +L ρ′ + γ N∑
j=0
Db j,b†j ρ
′ , (5)
in terms of its fidelity with respect to the steady state ρst
achievable with γ = 0 [black solid line, panel (a)], and in
terms of the variance of the nullifiers over ρ′st, relative to the
variance over the vacuum [dark gray lines, panels (b)]. We
observe that significant reduction of the variance (squeezing)
of the nullifiers (which indicates that the state is close to the
cluster state) is observed when γ (N + 1)  κ, namely when
the total added dissipation is much weaker than the dissipation
in the squeezed reservoir. The thin lines in panel (a) describe
how the model is sensitive to deviation form the ideal Hamil-
tonian (4). We have considered both deviation in the ampli-
tude (thin solid gray lines) and in the phase (thin dashed red
lines) of the interaction coefficients, and we observe that the
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FIG. 2. As in Fig. 1 with the values of the interaction coefficients J(S )j of H
(S ) (3) reported in panel (d) (note that the average value of these
coefficients is equal to the value of J(S )j used in Fig. 1). These coefficients have been found by the numerical maximization of the smallest
overlap between the normal modes and the auxiliary mode, such that the resulting overlaps are all equal to 1/
√
N + 1 [see panel (e)].
system is significantly more stable with respect to the latter.
In any case, even when the fidelity is very low, the nullifiers
always exhibit significant squeezing [panel (c)].
We note that the overlaps between normal modes and aux-
iliary mode [see panel (e)] determine the rates at which each
normal mode is coupled to the squeezed reservoir, so, in the
ideal case, they determine how fast each normal mode ap-
proach the steady state. The optimal situation is the one in
which all the overlaps are equal and are as large as possible so
that all the normal modes are optimally coupled to the reser-
voir. This is described by Fig. 2, which shows that in this case
the system is significantly more resistant to deviation from
the ideal configuration. We also note that the overlaps are
the same for both H(S ) and H (because U(p) does not operate
on the auxiliary mode [16]). And this means that the time to
reach the steady state is entirely determined by the dynamics
of the linear chain [Eq. (3)].
In conclusion, we have shown that, by squeezing the local
environment of a single site of an harmonic lattice, it is possi-
ble to steer the whole system toward any pure Gaussian state
that can be generated by a passive multi-mode transformation
which operates on a batch of many equally squeezed modes.
In particular, given one of these states, we have shown how
to determine a passive quadratic Hamiltonian which sustain
it in the stationary regime (and which necessarily fulfills the
chiral symmetry identified in Ref. [10]). This Hamiltonian
is not unique, and we have shown, by studying the genera-
tion of a cluster state in a square lattice, that the efficiency
for the preparation of the chosen state, in non-ideal situations,
depends critically on the specific ideal Hamiltonian that one
consider. Understanding which Hamiltonian corresponds to a
model which is more resistant to imperfections, is a question
which deserve further investigation. Another interesting re-
lated question regards the possibility to extend this approach
to spin systems [6].
We finally note, that this approach can be particularly valu-
able for implementations of quantum information devices,
with circuit QED systems which have been used to realize
various lattice models [36, 37]. The squeezed reservoir, in-
stead, can be realized using a squeezed field with sufficiently
large bandwidth [8, 13], or can be engineered with bichro-
matic drives [7].
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UNIQUENESS OF THE STEADY STATE
Here we show that the proposition III.b) of the main text
guarantees that the system has no dark modes. We consider
the linear system of equations for the average annihilation op-
erators
〈
b˙ j
〉
= − i
~
〈[
b j,H(S )
]〉
−κ
〈
b j
〉
which can be written in
matrix form as
〈
b˙ j
〉
= −∑Nk=0 R j,k 〈bk〉, with R = iJ (S ) + Γ,
whereJ (S ) is the hermitian matrix of coefficients correspond-
ing to the Hamiltonian part and Γ is the matrix for the dissipa-
tive part which has a single non-zero entry
Γ =

κ 0 · · ·
0 0
...
. . .
 . (S.1)
First we note that when we say that our model has no dark
modes, we mean that the matrix R is positive stable [1], i.e.
all the eigenvalues of R have positive real part, so that all
the normal modes actually decay. According to the theorem
2.4.7 of Ref. [1], given a positive defined matrix Q, such that
QR+R† Q is semi-positive defined, then R is positive stable if
and only if no eigenvector of Q−1
(
QR − R† Q
)
lies in the null
space of QR+R† Q. In our case, we can simply choose Q = 1
(the identity matrix), such that QR + R† Q = 2 Γ, which is
semi-positive defined, and Q−1
(
QR − R† Q
)
= 2 iJ (S ). The
subspace orthogonal to the null space of Γ is given by the sin-
gle vector v0 = (1, 0, · · · 0)T , corresponding to the auxiliary
mode. Hence, when all the eigenvectors w j of J (S ) are not
orthogonal to v0, i.e. the scalar product w j · v0 , 0 for all j
[which is equivalent to the proposition III.b) of the main text],
then the conditions of the theorem are fulfilled, so that R is
positive stable.
GAUSSIAN STATES AND THE BLOCH-MESSIAH
DECOMPOSITION
In this work we consider N-modes, pure Gaussian states,
which have zero average (no displacement). These states are
given by
|Ψ〉 = U |0〉 (S.2)
where |0〉 is the vacuum and U is a unitary transformation
which can be expressed in terms of the vector of bosonic op-
erator b =
(
b1 · · · , bN , b†1 · · · , b†N
)T
and a 2 N × 2 N complex
symmetric matrix S = ST as
U = e−
i
2 b
T S b . (S.3)
The term bT S b is Hermitian. This entails that the matrix S
fulfills the relation S = GS∗ G, with G =
(
1
1
)
where the
missing blocks are null matrices, and S∗ is the matrix whose
entries are the complex conjugates of the entries of S. This
means that S has the block structure S =
( Z∗ K∗
K Z
)
, where
Z and K are N × N complex matrices which, since S is sym-
metric, fulfill the relationsZ = ZT and K = K†.
The mode operators are transformed by the unitary U ac-
cording to a Bogoliubov matrix B such as
U† bU = Bb . (S.4)
The matrix B can be expressed in terms of the matrix S as
B = e−iIS (S.5)
where
I =
(
1
−1
)
.
This can be shown using the Baker-Hausdorff formula
(eABe−A =
∑∞
n=0
1
n! [A, B]
(n) with [A, B](0) = B and [A, B](n) =[
A, [A, B](n−1)
]
), such that
{Bb} j = U† b j U = b j +
∞∑
n=1
in
2n n!
∑
k,k′
Sk,k′ bk bk′ ,b j
(n) ,(S.6)
where [· · · , · · ·](n) indicates the n−fold commutator such
that [A, B](1) = [A, B], [A, B](2) = [A, [A, B]], [A, B](3) =
[A, [A, [A, B]]] and so on. It is easy to show by induction,
and using the bosonic commutation relations
[
b j,bk
]
= I j,k,
that ∑
k,k′
Sk,k′ bk bk′ ,b j
(n) = (−2)n {(IS)n b} j (S.7)
so that
{Bb} j =

1 + ∞∑
n=1
(−i)n
n!
(IS)n
 b

j
. (S.8)
2The Bogoliubov matrix fulfills the relation B = GB∗G, and
it can be expressed in block form as
B =
( X Y
Y∗ X∗
)
(S.9)
for some complex N × N matrices X and Y. Moreover, due
to the standard bosonic commutation relation for the trans-
formed operators, B fulfill also the relationBIBT = Iwhich
can be expressed in terms of the matrices X and Y as
XX† − YY† = 1 (S.10)
and
XYT = YXT . (S.11)
The Block-Messiah [2–6] reduction formula allows to de-
compose B as the product of three Bogoliubov transforma-
tions
B =
( V◦
V◦∗
) ( Dx D◦y
D◦y Dx
) (W◦†
W◦T
)
(S.12)
whereDx andD◦y are semi-positive defined diagonal matrices
andV◦ andW◦ are unitary matrices. They correspond to the
singular value decomposition of the matrices X and Y, such
that
X = V◦DxW◦†
Y = V◦D◦yW◦T , (S.13)
and the diagonal elements of Dx and D◦y are the singular val-
ues of X and Y respectively. The first and third matrices
in Eq. (S.12) describe passive multi-mode transformations,
while the second one describes the single-mode-squeezing of
all the modes. It is possible to include generic squeezing
phases to the second transformation by defining these three
matrices
V = V◦ e− i2 Φ
W = W◦e− i2 Φ
Dy = D◦y ei Φ (S.14)
where Φ is a real diagonal matrix, and where now Dy have
complex entries, such that we can write this decomposition
B = BV BD BW (S.15)
with
BV =
( V
V∗
)
,
BD =
( Dx Dy
D∗y Dx
)
,
BW =
(W†
WT
)
. (S.16)
These three matrices correspond to three unitary transforma-
tions
UV = e−
i
2 b
T SV b ,
UD = e−
i
2 b
T SD b ,
UW = e−
i
2 b
T SW b , (S.17)
(for some matrices SV, SD and SW which are specified be-
low) which can be used to decompose the U as
U = UV UD UW , (S.18)
such that U† bU = Bb = BV BD BW b =
BV BD U†W bUW = U†W (BV BD b) UW =
U†W U
†
D U
†
V b UV UD UW. By means of these opera-
tors we find that a general N-modes, zero-average, pure
Gaussian states can be expressed as
|Ψ〉 = UV UD|0〉 , (S.19)
where the vacuum is not changed by the passive transforma-
tion UW. This corresponds to the decomposition introduced
in the main text with
U(S ) = UD
U(p) = UV . (S.20)
SinceV is a unitary matrix, it can be expressed as
V = e−iKv , (S.21)
for a N × N hermitian matrices Kv so that
SV =
( K∗v
Kv
)
(S.22)
(similar considerations hold also for SW). Moreover the ma-
trices Dx and Dy are diagonal and have to fulfill a condition
analogous to Eq. (S.10). This implies that they can be rewrit-
ten in terms of a diagonal matrixDz as
Dx = cosh (Dz) ,
Dy = sinh (Dz) ei Φ , (S.23)
and, in turn, the corresponding unitary transformation UD [see
Eq. (S.17)], which describes a batch of single-mode squeezing
transformations, is expressed in terms of the matrix
SD =
( −iDz e−i Φ
iDz ei Φ
)
, (S.24)
where the non-zero entries of the the diagonal matrix Φ are
Φ j, j = ϕ j, with ϕ j the squeezing phases introduced in the main
text.
In the main text we have shown that with our approach it is
possible to generate any state of the form (S.19) where UD =
U(S ) describes the equal squeezing for all the modes, namely
states for whichDz = z 1 for some real non-negative z, so that
SD =
( −i z e−i Φ 1
i z ei Φ 1
)
. (S.25)
In other terms we can prepare states for which the singular val-
ues of the blocks that constitute the corresponding Bogoliubov
transformation, X and Y, are all equal, i.e. Dx = cosh(z) 1
and D◦y = sinh(z) 1 . Since the singular values of a generic
matrix M are the square roots of the eigenvalues of MM†,
this means that the matrices X and Y are proportional to uni-
tary matrices, i.e. X X† = cosh2(z) 1 and Y Y† = sinh2(z) 1 .
3PROOF OF THE LEMMA OF THE MAIN TEXT
It is straightforward to prove the lemma by noting that,
on the one hand, on site energy terms b†j b j result in non-
passive single mode squeezing terms under the transfor-
mation U j, and that, on the other hand, interaction terms
h j,k = ~
(
J (S )j,k b†j bk +J (S )j,k
∗
b†k b j
)
, with j , k, are invari-
ant under the effect of the transformation U j Uk, namely
Uk† U j† h j,k U j Uk = h j,k, if and only if the proposition (ii)
is true; different squeezing strengths or phases result instead
in non-passive two-mode squeezing terms in the transformed
Hamiltonian.
To be specific, Given the squeezing operator U j =
e
z j
2
(
eiϕ jb†j
2−e−iϕ jb j2
)
we find U†j b j U j = c j b j + s j e
iϕ j b†j , with
c j = cosh(z j) and s j = sinh(z j). Thus, given the Hamilto-
nian H(S ), which we rewrite as H(S ) = ~
∑N
j=0 J (S )j, j b†j b j +
~
∑N
j<k=0
(
J (S )j,k b†j bk +J (S )j,k
∗
b†k b j
)
we find
H˜ = U†N · · ·U†0 H(S ) U0 · · ·UN
= ~
N∑
j=0
J (S )j, j
[
c2j b
†
j b j + s
2
j b j b
†
j + c j s j
(
eiϕ j b†j
2
+ e−iϕ j b2j
)]
+~
N∑
j<k=0
{[
J (S )j,k c j ck +J (S )j,k
∗
s j sk ei(ϕ j−ϕk)
]
b†j bk
+
[
J (S )j,k c j sk eiϕk +J (S )j,k
∗
s j ck eiϕ j
]
b†j b
†
k + h.c.
}
. (S.26)
This Hamiltonian is passive if and only if
J (S )j, j c j s j = 0 (S.27)
J (S )j,k c j sk eiϕk +J (S )j,k
∗
s j ck eiϕ j = 0 (S.28)
for all j < k. Finally, we note that, Eq. (S.27) is equivalent to
the proposition (i) of the lemma, and Eq. (S.28) is equivalent
to s j ckc j sk = −
J (S )j,k
J (S )j,k
∗ ei (ϕk−ϕ j), which is equivalent to the proposition
(ii) of the lemma. In particular, this case
H˜ = ~
N∑
j<k=0
{[
J (S )j,k c2j +J (S )j,k
∗
s2j e
i(ϕ j−ϕk)] b†j bk + h.c.}
= H(S ) . (S.29)

RELATION BETWEEN THE CHIRAL SYMMETRY OF
REF. [7] AND THE PRESENT RESULT
The chiral symmetry of Ref. [7] and the Hamiltonians H(S ) and
H
Here we show that the Hamiltonians H(S ) and H of the main
text satisfy the chiral symmetry discussed in Ref. [7].
According to the lemma of the main text, the Hamiltonian
H(S ) can be expressed as
H(S ) = ~
N∑
j,k=0
J (S )j,k b†j bk (S.30)
where J (S ) is a (N + 1) × (N + 1) Hermitian matrix with en-
tries J (S )j, j = 0 and J (S )j,k = i
∣∣∣∣J (S )j,k ∣∣∣∣ ei(ϕ j−ϕk)/2, for j < k. It
can be decomposed as J (S ) = ei Φ J˜ (S ) e−i Φ, where Φ is the
diagonal matrix with entries Φ j, j = ϕ j/2, and J˜ (S ) is an Her-
mitian matrix with imaginary entries. The matrices J (S ) and
J˜ (S ) have the same eigenvalues λ j and the eigenvectors w j
of J (S ) are related to the eigenvectors w˜ j of J˜ (S ) by the re-
lation w j = ei Φ w˜ j. Given an eigenvalue λ j and the corre-
sponding eigenvector w˜ j, if we take the complex conjugate of
J˜ (S ) w˜ j = λ j w˜ j, we find that (since J˜ (S ) is imaginary) −λ j
is the eigenvalue corresponding to the eigenvector w˜∗j . And
finally, this means that H(S ) fulfills the chiral symmetry of
Ref. [7]. Namely, the normal modes of H(S ) [i.e. the eigen-
vectors of J (S ) and J˜ (S )] come in pairs, with opposite fre-
quencies, such that, by proper reordering of the normal modes,
λ j = −λ j+1 (for and odd number of modes there is also a zero-
frequency mode, λ0 = 0); and, moreover, the overlap between
the auxiliary mode, described by the vector v0 = (1, 0, · · · 0)T ,
and the normal mode w j is equal in modulus to the overlap be-
tween v0 and the normal mode with opposite frequency w j+1
(which, as we have seen, is given by w j+1 = w∗j), such that
v0 · w j =
(
v0 · w j+1
)∗
.
Correspondingly, the passive Hamiltonian H of the
model (1) of the main text can be expressed in terms of a
(N + 1) × (N + 1) Hermitian matrix J , as
H = ~
N∑
j,k=0
J j,k b†j bk . (S.31)
It is related to H(S ) by the unitary passive transformation U(p)
[see the proposition III of the theorem of the main text], which
does not act on the auxiliary mode, and which can be ex-
pressed in terms of a N × N Hermitian matrix K (p) as U(p) =
e−i
∑N
j,k=1 K (p)j,k b†j bk . Therefore the matrices J (S ) [see Eq. (S.30)]
andJ [see Eq. (S.31)] are related by a (N+1)×(N+1) unitary
matrixU, according to
J = U† J (S ) U , (S.32)
whereU can be constructed in terms of the N×N matrixK (p)
which enters into the definition of U(p) as
U =
 1 · · ·... e−iK (p)
 , (S.33)
where the missing entries are all zeros. This means that, on
the one hand, the spectrum of J is equal to the spectrum of
J (S ), and that, on the other, given an eigenvector w j of J (S ),
the corresponding eigenvector ofJ isU† w j. In particular we
4find that the overlap with the auxiliary mode is equal for the
eigenvectors of J (S ) and for the corresponding eigenvectors
of J , i.e. v0 · U† w j = v0 · w j. And, in turn, this entails that
also H, fulfills the chiral symmetry of Ref. [7].
The chiral symmetry of Ref. [7] and the transformation which
generates the steady state
Here we show that the passive transformation U(p) (de-
fined in the theorem of the main text) which is part of the
transformation which generates the steady state, is related to
the passive unitary transformation U(T ) which diagonalize the
Hamiltonian H [such that U(T )† HU(T ) = ~
∑N
j=0 λ j b
†
j b j],
according to the relation
U(p) = U(T ) U˜ , (S.34)
where U˜ is the product of many beam splitter interactions and
phase shifts between the normal modes at opposite frequency,
the specific form of which is specified below.
This can be shown as follows. Let us, first, introduce the
unitary matrix
T = [w0 w1 · · · wN] , (S.35)
which diagonalize J (i.e. w j are the eigenvectors of J and
J T = T Λ, with Λ the diagonal matrix with entries Λ j, j =
λ j), and which can be expressed in terms of a hermitian matrix
KT as
T = e−iKT . (S.36)
The density matrix ρ(T ) = U(T )† ρ U(T ), with
U(T ) = e−i
∑N
j,k=0 KT b†j bk , (S.37)
fulfills the master equation ρ˙(T ) = − i
~
[
H(T ), ρ(T )
]
+
L(T ) ρ(T ), where H(T ) = ~∑Nj=0 λ j b†j b j and L(T ) ρ(T ) =
U(T )†
[
L
(
U(T ) ρ(T ) U(T )†
)]
U(T ). It has been shown in
Ref. [7] that in this representation, the steady state is charac-
terized by many two-mode squeezed pairs, corresponding to
the normal modes with opposite frequency λ j and λ j+1 = −λ j
(in the case of an odd number of modes, the mode with zero
frequency, that is the one with index j = 0, is in a single-mode
squeezed state), generated by the transformations
U(2)j = e
−i z0
(
eiϕ0 b†j b
†
j+1+e
−iϕ0 b j b j+1
)
(S.38)
(with ϕ0 the phase of the squeezed reservoir defined in
the main text), where for an even number of modes (N
odd) j takes even values j ∈ {0, 2, 4 · · · (N − 1)}, instead,
for an odd number of modes (N even) j takes odd val-
ues j ∈ {1, 3, 5 · · ·N − 1}. Thus, we introduce the trans-
formation which generates all the entangled pairs, that is
U(TMS ) = U(2)0 U
(2)
2 U
(2)
4 · · · for and even number of modes,
and U(TMS ) = U0 U
(2)
1 U
(2)
3 · · · for and odd number of modes
(where U0 is the single mode squeezing transformation de-
fined in the main text), and we find that, in this representation,
the steady state is U(TMS ) |0〉. Correspondingly, in the original
representation, the steady state can be written as
|Ψtot〉 = U(T ) U(TMS ) |0〉 . (S.39)
Let us, now, consider the 50/50 beam splitter transforma-
tions between all the entangled pairs
U(BS )j = e
−i pi4
(
b†j b j+1+b
†
j+1 b j
)
, (S.40)
[where j is even (odd) for an even (odd) number of modes]
which realizes the transformations
U(BS )j
†
b j U
(BS )
j =
1√
2
(
b j − i b j+1
)
U(BS )j
†
b j+1 U
(BS )
j =
1√
2
(
−i b j + b j+1
)
(S.41)
and the phase shifts for all the modes
U(φ)j = e
−i ξ j b†j b j e−i ξ j+1 b
†
j+1 b j+1 (S.42)
with
ξ j =
ϕ j − ϕ0
2
(S.43)
(where ϕ j are the squeezing phases introduced in the propo-
sition II of the theorem of the main text), which realizes the
transformations
U(φ)j
†
b j U
(φ)
j = b j e
−i ξ j
U(φ)j
†
b j+1 U
(φ)
j = b j+1 e
−i ξ j+1 . (S.44)
We find
U(φ)j
†
U(BS )j
†
U(2)j U
(BS )
j U
(φ)
j = U j U j+1 (S.45)
(with U j the single-mode squeezing transformation defined in
the proposition II of the theorem of the main text). So, if we
define the passive unitary transformation
U˜ = U(φ)0 U
(BS )
0 U
(φ)
2 U
(BS )
2 · · ·
(U˜ = U(φ)1 U
(BS )
1 U
(φ)
3 U
(BS )
3 · · · ) (S.46)
for an even (odd) number of modes, we find
U˜† U(TMS ) U˜ = U(S ) U0 , (S.47)
where U(S ) is defined in the main text, and therefore
|Ψtot〉 = U(T ) U˜ U˜† U(TMS ) U˜ U˜†|0〉
= U(T ) U˜ U(S ) U0 |0〉 , (S.48)
where in the last step we have used Eq. (S.47) and the fact
that U˜† is a passive transformation that does not change the
vacuum. In the main text, instead, we have shown that |Ψtot〉 =
U(p) U(S ) U0 |0〉, and therefore
U(p) = U(T ) U˜ . (S.49)
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FIG. S.1. Graph corresponding to the symmetric adjacency matrix
A of the cluster state of N = 25 modes in a square lattice discussed
in the main text. The non-zero entries of A are equal to one and
correspond to the edges of the graph.
FIG. S.2. (a) Real and (b) Imaginary parts of the interaction coeffi-
cientsJ j,k of the Hamiltonian (4) of the main text used for the results
of Fig. 1 of the main text.
CLUSTER STATES THAT CAN BE PREPAREDWITH THE
PRESENT APPROACH
Given a N ×N real symmetric adjacency matrixA, the cor-
responding cluster states is the zero eigenstate of the collective
FIG. S.3. (a) Real and (b) Imaginary parts of the interaction coeffi-
cientsJ j,k of the Hamiltonian (4) of the main text used for the results
of Fig. 2 of the main text.
operators (called nullifiers)
x j = p j −
N∑
k=1
A j,k qk , for j ∈ {1 · · · ,N} , (S.50)
with p j = −i
(
b j − b†j
)
and q j = b j + b
†
j . In other terms,
these collective quadratures are infinitely squeezed for a clus-
ter state with adjacency matrixA. To be specific a cluster state
can be written as |Ψcluster〉 = e i4
∑
j,k A j,k q j qk |0〉p, where |0〉p is
the infinitely squeezed states that is the zero eigenstate of the
operators p j, i.e p j|0〉p = 0 ∀ j.
For realistic, approximated cluster states, these operators
are squeezed by a finite amount. In general an approximated
cluster state |Ψz〉 can be defined in terms of a finite squeezing
parameter z and the adjacency matrixA, such that the covari-
ance matrix of the nullifiers Cz = 〈Ψz| xxT +
(
xxT
)T |Ψz〉/2
approaches the null matrix in the limit z→ ∞.
An example is given by the state generated by the unitary
transformation
Uz = e
i
4
∑
j,k A j,k q j qk e
z
2
∑
j
(
b†j
2−b2j
)
, (S.51)
6that is |Ψz〉 = Uz |0〉, where |0〉 is the vacuum. In this case we
find that the corresponding Bogoliubov matrix has the struc-
ture of Eq. (S.9) with
Xz = 1 cosh(z) + i2 e
z A
Yz = 1 sinh(z) + i2 e
z A . (S.52)
It is possible to check that the covariance matrix of the nul-
lifiers (S.50) approaches the null matrix in the limit of large
z. To be specific in this case Cz = e−2 z 1 . In our approach
we can construct states for which the singular values of the
matrices (S.52) are all equal. In other terms the matrices
XzX†z = 1 cosh2(z) + e2 z4 A2 andYzY†z = 1 sinh2(z) + e
2 z
4 A2
have to be proportional to the identity. This implies that
with our approach we can construct cluster states given by
Eq. (S.51) for which the adjacency matrix is proportional to a
self-inverse matrixA2 = α 1 for some positive real α.
Another example is given by a multi-mode squeezed state
generated by the transformation
Uz = e−i
z
2 b
T Sz b (S.53)
with
Sz =
( Z∗
Z
)
, (S.54)
where Z is a complex symmetric, non-singular matrix. In
Ref. [8] we have shown that these states are approximated
cluster states, which can be realized using many equally
squeezed modes, when the matrix Z is related to the adja-
cency matrixA by the relation
Z = −i A− i 1A + i 1 , (S.55)
such that it is unitary. In this case
X = cosh(z) 1
Y = −i sin(z)Z (S.56)
and the Bloch-Messiah decomposition (S.15) is given by
Dx = cosh(z) 1
D◦Y = sinh(z) 1
V◦ = (−iZ)1/2
W◦ = (−iZ∗)1/2 , (S.57)
where the last two matrices are found by the Autonne–Takagi
factorization [5, 6, 9] of the symmetric unitary −iZ, such that
−iZ = (−iZ)1/2 (−iZ)1/2T . In the main text we have stud-
ied the preparation of a state of this form where the adjacency
matrix A represents the square lattice depicted in Fig. S.1.
The decomposition of the corresponding unitary transforma-
tion Uz = U(p) U(S ) (see the proposition II in the theorem of
the main text) can be found as discussed in Sec. . See in par-
ticular Eqs. (S.17),(S.20), (S.22) and (S.25), where in this case
the matrixV◦ is given in Eq. (S.57).
In Figs. S.2 and S.3 we report the coefficients of the system
Hamiltonians that we have used in the result presented in the
main text. In particular, in the main text, we have shown that
the steady state of Eq. (5) of the main text, with the Hamilto-
nian represented in Figs. S.2 and S.3, approximates the cluster
state with the adjacency matrix represented in Fig. S.1.
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